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1.1. INTRODUCTION
In the theory of approximation of functions and solution of
ordinary or partial differential equations functions are often approx-

imated by finite sums of the form
= z:.‘s.b)
(1.1) {(x)-ZCK (’0( h
k

where the function SPCX) must fulfill certain conditions. Frequent-

1y these functions are given by a convolution formula

Qfm (X>: kan,—: <X> ® ('R (20

where L‘Dl()()r—[ for ¥XE€ <"”“lf, Ji>) ‘ﬁ(x)=0 otherwise.

Higher dimensions are treated in a manner analogous to the one-
dimensional case. (See [1], [2], [3].)

An algorithm for eomputing %%L(x) for higher #v 1is needed,
because these functions are useful for solving differential equations
of higher orders.

This paper 1s concernad with a numerical construction of these
functions. An algorithm with reasonable stability is designed using
local coordinates and an expansion in Legendre polynomials. Two possi-
ble local coordinate systems are shown and discussed. In the conclusion
some remarks about the accuracy of results are stated.

Tables of coefficients of the functions up to order 10 in both
local coordinate systems are included as well as the graphs of these

functions and a FORTRAN IV version of an algorithm.




1.2. DEFINITION AND SOME PROPERTIES OF THE FUNCTIONS C%;;(x>
Let us consider the functions given by the convolution formula

in the one-dimensional case in this way:

FGo=1  for xe <-5,57

LPs (V=0  otherwise

(1.2) ({)% (x) _ (f)mm‘ ()% Px) = 30 Pt (£ F, (x-# )t

These functions have the properties of an approximation (see [1], [2],
[3]). Some other properties of the functions %(X} follow from the
convolution expression.
Lﬂh()() has a compact support <%%) %7,
&PM <X> is a piecewise polynomial of dengee m—| . More precise-
ly, by using the convolution formula we get different polynomials
(of degree m—| } for the function % (y) in the intervals:

_m -m+2> (fm?; ‘“M‘Tlf‘) ;__2 771
}

3. The function %6{) has continuous derivatives of order O) ’)---

- Q_)M“Z everywhere in Goc)oc\) ¢+ Therefore the function (19.%()\')

has its zerces of multiplicity m—1 at the boundary points of its
M

amst ceemua

compact support, i. e. in the points — 2/ 5

Emamples of the (‘Pm, (X)?
(“P, (x)=| for xe <5137




1 (x)=0 otherwise

T2 () =x+l  for xe &-1,0>

oGO =+l Lor xe <0, 1>

9, ()=0  oktherwise

fo o =t(x+2)" forxed3,5
P O =X+ 5 for x¢ &5, 3>
?, (X):Jz(x"% i bor xc <%, 25
L@ (x)= 0  otherwise

See the graphs in the appendix.

1.3. SOME PROBLEMS IN THE COMPUTATION OF THE %Zx,<x)

Let us try to find an algorithm to compute the cﬁ;,Cﬁ), First

of all we must find the expressions for the polynomials which form the

function.

Every function %Zt(k) is represented by a polynomial in every
subinterval of its compact support and these expressions are different.
There are many possible ways to express the polynomials. For example we
may choose different sysgems of functions to express them. Represent-

P
ing them with the basis of polynomials ()X‘) X )=~ - we get for exam-
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(¥; CX) represented by coefficients 1, 1 in the interval <i”i)CZ>
and coefficients =1, 1 in the <i()l‘;>e Let us consider further this
basis. As mentioned above, the function ?%LCK) has its zeroes at the

"

points "%%) 5" of multiplicity n-1. This implies that ?%m (X)

has the formula
D, (0=a (x+%) ) T

) E) T e (3T

N -nt2
in the first interval of its support (1. e. in the <: 2 T ;>

where 4/ is a certain constant. However it is almost impossible to
compute the values of the polynomial given in this way because of the
magnitude of coefficients for higher "W . This difficulty is partial-~
ly removed if we put the origin at the center of each interval, where
the coefficients are to be computed.

There are two possible ways to divide the support of the func-
tion ?%b(3<) into subintervals where the coefficients are sought.

Case I: We may compute the coefficients of the polynomials for

. - +2 Tmtl o~
(PM/(X) in the intervals <Q'Qv’z") s 7 Tz ) ’%9_ >)--‘)

-2
_)<<“%f )?£7 of the length 1 where the expressions are different. In

this case the functions and corresponding intervals are:

ﬁ(x) 421
%QCX) -t <}/)O>/‘<O;[7

i oo f .
%(x? <”"’%‘f‘§j’>)<‘wil'5>')<i“;§i7




ﬁ'—(x) <=2,-1>»,<1,0y, <0, 17,<1,2> etc.

The boundaries where expressions change for ?%be) where M 1is an
odd integer are the points %% ( K an odd integer) and for ?%b (F()
where v 1s an even integer the points K ( K an integer).

Case II: It is possible to compute the coefficients of the
polynomials comprising %ib (X> in intervals of the length %f , 1. e.
F Ty, < )ﬂ#?)--') <‘ﬁ£’!’)ﬁ’§%7a
Then the division into subintervals is the same for all the functions
%ékb CY) for all nv .

However, when using these local coordinate systems the compu-
tation of the value ?%L(X> would not be too stable because of the
magnitudes of coefficients which occur in the expression of the polyno-
mials in the basis [) X‘)Xz; .-+ For this reason it is very conven-
ient to express the polynomials which form the function q%m (X) in the
basis of Legendre polynomials. In the Legendre polynomial expansion of
a sufficiently smooth function the coefficients of the first Legendre
polynomials prevall over the higher coefficients which is advantageous

from the point of view of numerical stability.
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2.1. COMPUTATION OF COEFFICLENTS OF THE FUNCTION ¥2b(x) IN THE BASIS
OF LEGENDRE POLYNOMIALS

As mentioned above the Legendre polynomial expansion is advan-
tageous from the point of view of round-off errors. Moreover, using
Legendre polynomials the computation of the convolution formula as
well as other computation become very simple with these functions. Let
us consider both possible cases of local coordinate systems.

In the case I, we express the polynomials which form the func-
tion %%L CK) in the basis of Legendre polynomials orthogonal on the
interval <:“‘f% )jé 7« In the case II, we use the Legendre polyno-
mials orthogonal on the interval <i“”£“)'éf:7 .

The computations in both cases are very similar and each of
them has certain advantages. Considering the first possibility, the
computation is shorter and the storage requirements are less, while in
the case II a certain consistency of the system of subintervals is
preserved.

In case I, each function %13(%) is represented by polyno-
mials, 1. e. by thelr coefficients of the Legendre expansion in v
intervals <‘% ) %%-%/7 where Kk = mm,ﬂmqﬁz)-.-)%“’z and we put the
origin of coordinates at the center of each interval so that we eventu-
ally treat M intervals which may be considered as <i'"éj)%f:> in
these local coordinate systems.

In case II, each function ﬁam,éx) is represented by Legendre
polynomials in 2w intervals “‘%‘ } % > where k=-m ; “‘/Mf"“f‘[;”‘

ﬂ‘ynwmfs If we put the origin of coordinates into the center of each of




9 ol .
them we get 4 /M Intervals of the form {:}%} considered in these
local coordinate systems.

First let us consider case I. Let us assume that ?%mq(x> is

given, 1. e. we have =l
m~{
. P/
70% =1, (X) Z a’!,(} }I(’(>
=]
where j, is the index which denotes the interval ( ra "i"(] “""‘”‘"f’(j)

-t
ég' = }) -ee m~=l . The a"'.)ﬂ‘ are the coefficients in the basis of

Legendre polynomials in the j-th interval considered in the local coor=-
dinate system, F} (X) is the Legendre polynomial of degree f~1

where

f Fr(t) B (£) dt =0 for (4k

&

Let us compute the coefficients for the function %%L(%) in the ex-

pression

(2.1) ?Om,, 4 (%>

In this notation the index (? denotes the interval

Pi' (x) ) 3“;/)*“)%

(mw««fﬂg ~%tg ), The interval with the index J for the
function %%b(x> consists of the second half of the Interval with the

index 3;; and of the first half of the interval with the index j‘

for the function (0 PR

the funeston L (%) -
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L/O% X) = /f (/Uﬁp(x

IH

Z_ by (£) P )

Then for 3 2 )/“/ [

70402) (x) = f%b’,g{t)éfé '/',/‘79-/9/(%)0&5

is valid and

%”’/’ (x f %D% =1y Oé)dé (7%«;% f ﬁﬁfn -1, 74-»/(‘5/5%

where both the 1ntegrals as well as the X are considered in local

coordinates for corresponding intervals. Let us set

Il <X)§: ]Clpmff,g‘—f (xf)&{xf ) IZ(X>:f (70%~/)§(7ﬁ)055

The following relations for the Legendre polynomials orthogonal on

<:m~L —L‘ >> are valid:

Pil(x> =% 215 ( (X) P)_lz (X)>
I' (42») = ) R‘(“?) = (“’/)Hﬂ:

Then

I, ()= Z Qi _/P (£)olt =
=l el 4
-5 ), f Do (0ol - %ﬁ,— Rit)elt )

H

E{_< Z m_;ﬁ P}ﬂ(}( %”Z CL[‘ ,;,(X) +

(=i




m~ “a i
Ty g 'z(il") ' Zn‘%fzfi <P/+/ \/E’)" P, \7>> =
m~l r=2 el
_ %-ICL"_ = e .
._..12- (; Zf'ii‘l Pf'——f (X)‘Z_, —;{—’f‘_—’ Ve (X) +
fr=1
l3~ P (X))
and analogously
a~t
L) =+ () 5% P (- Z i P, (x)+
=/

'f‘m‘gL/,g' R (X))

Then the following relations for the coefficients in (2.1) are valid:

m
%a’t';a' = Cpg-r 7 dhé (3"2) -~;”’”">
Qi o= iy, Apow =Ciymepy =1, ym
where
|
! a Q fq, -1
, =L< Ty _,__Lm.) ~2
C»;,g‘»l 2 21+ { 21-3 *FO#‘ i 2/
m-ia " m-
- —2,3 : )
Crg-t ( 3 Lt yg=1/ )
%ZL )
' . = --L“ ( .,,,___,_a_.‘,jqﬁ-:&m —— m_..i_:f. fla,a_ N
dl)3 2[““!‘1 ) ‘FOF‘ZQ)‘“')/M’“
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n=t n-l
. _ L eyt Co b, Qe
Cm,,j-“l - 2! Im-3 ‘7(”“')3' -2 " TIm-3 )

| Gy [ e -l
P n-2,)= - L, Gy 9
Cm=1,7-1 2 2m-5 5{%"!;9"“ 2 ) m-5 ) d 2) ’

Moreover, the functions 3‘,“/’ (X) are even, so that it is sufficient

to compute only half the coefficients, 1. e. only
" P ™ "
QK},) QK;Q)-—-) K2 or /¥’ even oOr Q’K,i ) a

M’Qk ntl for ~ odd. In the first case
") Y

Kt/
s = {_ (% L M ,
Q'K L+4 ( }) @K)%q,./,,g) /gv/)-»-‘/ 'z}k‘:./'),,-.//}/(_/
and in the second case
L2 K+l m
- et _ w-! -
@k')’%’%e D" Ayt =y L=1y ") k=15
and moreover, QK ’114-/““0 for K even.

The computation in case II is very similar. The function is re-

presented by its components in this way:

M
(?«2) (7%“)9' (X):"‘ ; MQ:’M/)' P'(X>/ 9;‘; /)“'/‘ZW

and the coefficients'ﬂ’@ i can be computed from the coeffiecients
h~/
Cl, - of the components of
/,3 i

M=} .
?me-l)a (X) Z- /3??. ()() ,9;/)-_-) 2/7’7‘-2

I'=

where P(X) is the Legendre polynomial of order 1“/ and

7D 6) P (x) =0 for i+k,
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. |
{[ F () = 22D
%

Then

‘70%}3- (x) =1, () +1, 00+ I (x) for J'=?>,~,,2%*2
(Pm,l (X> =I3 (X> ] 50%)2 (X> = ZQ_ ()() + I3 (X) )
79%/2%—1 (x) =I/ (x) +I2. ("> ) (7%,2»: (x) = 11 <><)

A OOMM(Z ‘.. !—H(X) ZM::%%BL’(@nF
+a;3P(x))

Using the fact that the functions %g;,(*) are even, only the coeffi-

clents Q’K)g ( k »—/) -“) )J:/)“.}%) are computed and for the

other intervals we know

m k4| w

Qp, m+L~ (““O Qgymrl-L for L=l m, k=l,..., "
Having the coefficlents ﬁ¢C27 2 of (2.1) we can compute the value
%%@ (g? by evaluating the values of the Legendre polynomials. We can
use, for example, one of the following recurrence formulas:

In case I,




1z

M Tmtd (X>”(2’””“/>'2’<P% (X)'f’(%—»() P (X‘)?Q
P/<X)$/) ’P2<X)'=’2X) m=2,3---

and in case 1I,

m Pnir () - (Qm_/)foP% (x) -+ (m~l>??nw/(x‘) =0
where R()():’ /} ;Dz (x):__[fx) 4’7:2,5

)= -

2.2, COMPUTATION OF COEFFICIENTS OF DERIVATIVES OF THE ?ZL(X)
In most of the computations the derivatives of the ?%L CK)
are needed, too. Using the convolution formula (1.2) we can express

the first derivative:

0100 ] Buet (80 R -k bt = [Pt 54) it E)
= B (x4 $)= b (x-4) .

Then having ?gm (k) represented in system I, we get a formula for the
o
coefficients of ?ﬁi (;é) in the basis of Legendre polynomials in the

intervals denoted by 3 = ,) -eey Mo

P, .
%)%z;%: (x)= ciljmmx,g’ (X:}“- \‘}Qx%i,g’ml (X'). ‘7005" (’}';‘ZL)»M; m~{

and
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CP’*:»‘ 60@‘*’ Qﬁsz.i&); QP’V“:;'YI(K)"‘*’“ (ﬁ;xmt,m«t(x)

Similarly we have for the other derivatives:

(k) (-0 Ck-D |
g ()= Tu-ivg () = Pumt 00 for =2y g

and
() (KD (k-) (k) (k-1

Moy (X> = M=}y (x> } My (X) == CPMﬁ,MS}X)
T

o
K

(k) )
CP%?@‘(X) = Z <i<) cﬁn-«;g‘ﬂ' (X) 'G'Db) i(%’)““}%‘“z)

= v

éé%;fé%fk Jzi)““V

Considering case II we get

ﬁjg’ (X) = %mi;g{)d - Cl[jmﬁ,?‘»:z (X) ) 4=3,...2n-2
%Dm;; (X) = (]Dmm/},;(x) ) L/Dm,/z (X} = %D%m/‘,gﬂ(x)

/ y ,
%)ﬁi/lzf}'? d (X) = = %“f)zt’ﬂ'g (X) ) %&,Q% (X) == %”/)2/}1“’2 (X7

and for the other derivatives:

(&) ), (£-0)
Lﬁ’*‘«/ﬁ: (x) = (/Q@-’/;g?(ﬁ - %-/)3"2 (x)  for #=3,..2m-2
(K) ) (k) (k-0
%0’2’*'// (}*‘) = %e-/,/(x) ) ‘70%,2. = Jm-t;2 (X) ,
) . (k-0 («) (k-1
/’YU)Q‘/%”'E (X) = - %mlviz%_ﬁ (}‘:} 3 (;ﬁ(u/i%(x’) ﬁ@%*"jz"k“’z {)(}
) - ,
&y kY , '
or  Jm,ylx) = Z (!) 7%@&)9;2!@{@/) 1=l 2
ey k) k=) oyt

;ﬂé 3992,; ::,ﬁ;,,g%'k
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] o L /5
The coefficlents of the function [y (¥/ in the basis of
Lol :

Legendre polynomials for both cases, 1. e. on <~ 2 ) a7/ and
4<’“%; %?’;} are given in Table 1 and 2 respectively for A@fﬁ[)mmg
“‘yIO as well as the graphs of these functions in the appendix. The
coefficients for the functions %2@(%9 for /MJ7JQ as well as the
coefficients of the derivatives of the ?%t(x} are available. They

have been computed on an IBM 7094.

Z2.3. A REMARK ON NUMERICAL ACCURACY

The computation of the coefficients ls sufficlently stable.
Computing the coefficients in single and double precision and compar-
ing them we get a favourable estimate of accuracy. The following exam-

ples of some coefficlents show the actual accuracy. {(See p. 15.)

The relative ervor of the coefficients for the first (and the
last} intervals 1s great, of the magnitude 10 =3 10 53 the relative
error in the other intervals is 10 . 10" 89 almost the accuracy of
the machine. The source of the round-off error in the first interval
is the subtraction of numbers which are close to each other. This be-
havior of the process is caused by the magnitude of coefficients. How-
ever, this great relatlve error has no importance because this error is
included in small coefficients.

The results of computatlons using the functions ?2%.(%) com=
puted in the way mentioned above were very good. However, 1f we approx-

iﬁ? given by (1.1) we get

f0- 2 e 9 (). ('

and for the higher ,,A and sufficlently small g%f the computation be-

imat% the devivatives of




ﬁLaZ[,camputed in case IIL:

10

21

10
21

10
21

10
21

10
21

the value of the
coefficient

0.186662112 E-25
0.416353780 E-26
0.284367284 E-35

0.195216016 E-15
0.357746880 E-19
-0.568734566 E-34

0.133112569 E-04
-0.527637729 E~-14
0.137775950 E-31

0.292622887 E 00
0.319777402 E-12
0.525385625 E~30

the absolute
error

-0.590 E-29
-0.794 E-31
0.173 E-42

0.131 E-22
0.622 E~26
-0.629 E-41

0.251 E-11
-0.955 E~21
0.202 E-38

0.688 E-07
0.617 E-19
0.772 E-37

15

comes difficult. It 1z possible to avold this difficulty using double

precision but only to some extent.
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TABLE 1

o
Coefficients CL[-J/* of the expansion (2.1) for
1

| , .
m=[ ., 10,0i=],--,m

W

7 when /v 1s an even integer,

oy A+l .
d=1y <7 when 4w 1is an odd integer.
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TABLE 2

%

Goefficients @,}a‘ of the expansion (2.2) for m = /)--_,/O[

/L::(}-—-)m’/ 2-:: I).--)/H/
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SUBRCUTIWE - PAGE 1

SUPRCUTINE HILLS{M, 2)

DIMENSION AL21521547)
AN ARRAY A IS FILLED WITH THE VALUES A(N,1.J) UF THe Ci-
FFRICIENTS OF THE HILL FUNCTIONS. N IS THE ORDER UF THE
HILLy N=1,Ms MebGTe2. I 1S THE INDEX OF SUMMATION IN EACH
LINEAR CCMBINATICN WHERE EACH TERM HAS THE FURM
AlHaT 3 d)%P(I1)y I=1,Ne J DENOTES A SUBINTERVAL (F THE
SUPPORT CF THE HILL FUNCTION, J=1s2%N.

DIMENSION AN(21:42)

A{lsls1)=1.0

."«(1,1,42)=1.()

A(?'111)=n25

A2y1s2)=615

Al2:143)=,75

A(?, 19[+)=.25

,\('),211)3.25

Al242922)=425

1\(2,273)='025

Al23294)=~025

DL 14 N=33M

NN=N-1

DO 1 J=1sN

DEC 1 I=14¢N

1 AN . 4)=60
J=1

— s

€ 12

C 11

e () H D e
N

T

=2

56 TC 12

4 IF({J.EQ.N)GO TG 1

J=Jd+1

GG TC 9

GC TC 11

G0 TC 12

DC 8 Jd=1.0

NPJ=N+J

NMIl=N-J+1

==1,0

DO 8 I=1eN

C==C

ANy TeJd)=AN(1¢J)

8 A{Ns I NPJI=CEAN{IsNFJ1)
GO TC 14

9 AN{LGJ)=AR{L 3 d 1+ 25%A(NNslsd-2)
ANT23J)sAN(29d )~ e 25%A(NNy1,J-2)
DO 1C I=2¢NN
C=A(NNslod=2}/FLCAT {8%[=4)
AN{I=1edi=AN(I-1,J1)4C

1IN AN(I4lsJ1=AN{TI+1,J)~C
GG TC 5

11 ARN{Lled)=AN{Llsd )+ 5% 2(NNyled=-1]}
GO TL (3+6)s11

(AN}
[ v S S o

(1]

-~ O




13

14

ANCT e =AN{L;J)+25FA{NNsLlJ)
ANTZsJI=ANLZ2 ¢ J 1+ 20 %A (NNl d)
DO 12 I=24MNN
C=A{NN,I,J)/FLCAT(8B%I-4)
AN(I=1sd)=AN(I-15J1}-C
AN(I+1sd)=AN(TI+1,4J) 4C

G0 TC (294)e 11

CONTINUE

RETURN
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